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Abstract
A storage ring provides an attractive option for directly measuring the
electric dipole moment (EDM) of charged particles. To reach a sensitiv-
ity of 10−29 e·cm, it is critical to mitigate the systematic errors from all
sources. This daunting task is pushing the precision frontier of accelera-
tor science and technology beyond its current state of the art. Here, we
present a unique idea of a magnetic dipole moment (MDM) spin trans-
parent quadrupole that can significantly reduce the systematic errors due
to the transverse electric and magnetic fields that particle encounters.
1 Introduction
The quest for understanding the fate of antimatter in the universe – and to
fully understand CP violation – has triggered a hunt to measure the electric
dipole moment (EDM). So far, all measurements have shown the upper limit
of the neutron EDM is on the order of 10−26 e·cm. However, no direct EDM
measurement of charged light ions including protons, have yet been performed.
The concept of a storage ring based EDM search has been proposed and in-
vestigated by the Brookhaven National Laboratory (BNL) as well as by the
Forschungszentrum Juelich (FZJ) [1, 2].
In a storage ring, the spin motion is governed by the Thomas-BMT equation
d~S
dt
= ~S× e
m
([(
1
γ
+G) ~B⊥+(
1 +G
γ
) ~B‖+(G+
1
γ + 1
)
~E × ~β
c
]+[
η
2c
( ~E+c~β × ~B)]) (1)
where ~E and ~B are the electric and magnetic fields in the laboratory frame,
G is the anomalous g-factor of the particle, ~d = eη2m
~S is the electric dipole
moment, ~µ = g2
e
m
~S is the magnetic dipole moment, and ~β is the particle’s
velocity normalized by the speed of the light. In Eq. 1, ~S is the spin vector in
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the particle’s frame, while ~B⊥ and ~B‖ are the magnetic field perpendicular and
parallel to the particle’s velocity, respectively.
Since the EDM is expected to be significantly smaller than the magnetic
dipole moment (MDM), the spin motion is dominated by the MDM. The concept
of measuring the EDM in a storage ring with the MDM part of the spin motion
frozen along the velocity of the particle was developed and investigated by the
BNL srEDM collaboration[5, 6]. The proposed storage ring for a deuteron EDM
search uses static hybrid electro and magnetic deflectors to freeze the MDM part
of the spin motion. The possible sources of systematic errors for such a high
precision EDM storage ring was evaluated and the residual non-zero average
vertical electric field was identified as the only source of first order systematic
errors. Other error sources, such as fringe fields as well as the electric and
magnetic fields in the RF cavity, introduce higher order systematic errors to the
EDM measurement. The spin precession due to the average non-zero vertical
electric field 〈Ev〉 is given by[5]
ωEv = (G+ 1)
e
mc
〈Ev〉
β2γ2
. (2)
For a partially spin frozen based EDM search in a storage ring, such as
the proposed direct measurement of the deuteron EDM at the Cooler SYn-
chrotron (COSY) [2, 3], the additional vertical polarization buildup from the
radial magnetic fields is the dominant source of systematic error. Hence, the
closed orbit has to be corrected and controlled to a high precision [4]. This is
currently the limiting factor for achieving the proposed measurement sensitiv-
ity. Hence, the MDM spin transparent quadrupole proposed below may also be
beneficial by mitigating the systematic error from the radial magnetic fields due
to the off-center trajectory in the magnetic quadrupole fields.
2 MDM Spin Transparent Quadrupole
Similar to the condition for freezing spin in a dipole, in order to make the MDM
part of the spin motion to be transparent in a quadrupole, both electric and
magnetic quadrupole fields are needed. For a linear electric quadrupole, the
electric field can be described as
Ex − iEy = (be1 + iae1)x+ iy
r0
(3)
with r0 being the radius of the quadrupole, be1 and ae1 being the normal and
skew component, respectively. x and y are the horizontal and vertical distances
from the center of the quadrupole. The magnetic field of a quadrupole can be
described as
By + iBx = (b1 + ia1)(x+ iy) (4)
with b1 and a1 being the magnetic normal component and skew component of
the quadrupole, respectively.
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Two conditions have to be met to achieve spin transparency. First of all, the
electric and magnetic fields have to be perpendicular to each other everywhere
in the quadrupole. If there are no electric nor magnetic skew fields, that is,
ae1 = a1 = 0, it is easily shown that the electric and magnetic fields stay
perpendicular everywhere if
~B · ~E = 0. (5)
Similar to the approach for spin frozen deflector [7], the strength of the
electric and magnetic fields for the MDM spin transparent quadrupole have to
follow the given relationship in Eq. 6,
Bx = −
[
1− 1
(γ + 1)(1 +Gγ)
]
βEy
c
By =
[
1− 1
(γ + 1)(1 +Gγ)
]
βEx
c
. (6)
Thus,
b1 =
[
1− 1
(γ + 1)(1 +Gγ)
]
βbe1
r0c
. (7)
The equivalent field gradient of a combined EB quadrupole is k1 = b1+
be1
r0βc
.
Thus, the equivalent field gradient of an MDM spin transparent quadrupole is
k1 =
[[
1− 1
(γ + 1)(1 +Gγ)
]
β
c
+
1
βc
]
be1
r0
. (8)
For a 1.0 GeV/c deuteron in a combined quadrupole with a field gradient of
k1 = 1.0 m
−1, the corresponding electric field gradient is 6.4 MV/m at a radius
of 50 mm and the magnetic field gradient is 0.2 T/m.
3 Benefits of MDM Spin Transparent Quadrupole
As discussed in the original BNL deuteron EDM storage ring proposal, where
the lattice consists of spin frozen electric and magnetic deflectors, the residual
average non-zero vertical electric field 〈Ev〉 is the primary source of first order
contribution to the systematic error. In the BNL proposal [5], the additional
spin precession due to the average vertical electric field is given by Eq. 2.
For deuterons with a momentum of 1 GeV/c, G = −0.14 and γ = 1.14,
the additional spin precession due to non-zero vertical electric field is about
2.0 emc 〈Ev〉.
If MDM spin transparent (MDMST) quadrupoles are added to the lattice,
the non-zero vertical electric field will force the particles to experience additional
Lorentz forces from all the quadrupoles to stay stable. In this case the average
of electric and magnetic forces due to the quadrupoles will balance the residual
electric field.
〈βcBqx + Eqy〉+ 〈Ev〉 = 0 (9)
3
where Bqx and Eqy are the radial magnetic field and vertical electric field a parti-
cle sees in a MDMST quadrupole, and the resulting spin precession ωMDMST = 0.
So, the spin precession due to non-zero average vertical electric field is given by
Eq. 10
ωEv =
e
mc
(G+
1
γ + 1
) 〈Ev〉β. (10)
For deuterons at momentum of 1 GeV/c, G = −0.14 and γ = 1.14, this addi-
tional spin precession due to non-zero vertical electric field is about 0.2 emc 〈Ev〉,
about an order of magnitude smaller than the case with pure magnetic quadrupoles.
3.1 Contribution to the EDM Signal
Using combined electric and magnetic quadrupoles, a non-zero closed orbit re-
sults to a net contribution to the EDM part of the spin precession of
d~S
dt
=
e
γm
η
2c
~S × [Ebx + c~β ×Bby + be1
r0
(xxˆ− yyˆ) + c~β × b1(xxˆ+ yyˆ)] (11)
Where Ebx and Bby are the radial electric and vertical magnetic fields of the
deflector, and c~β is the particle’s velocity. b1 and be1 are the magnetic and
electric field gradients of the quadrupole, and x and y are the radial and vertical
closed orbit distortions in the quadrupole. Unlike a pure electric or magnetic
deflector, this perturbation on the EDM part of the spin motion depends on the
beam position as shown in Eq. 11
Again, as long as beam motion is stable, the average net Lorentz force from
the quadrupoles has to be zero on the closed orbit, That is,〈
be1
r0
(xxˆ− yyˆ) + c~β × b1(xxˆ+ yyˆ)
〉
= 0. (12)
Hence, the average EDM buildup from the MDMST quadrupoles has to be also
averaged to zero, and the net EDM buildup rate is given by〈
d~S
dt
〉
=
e
γm
η
2c
~S × [Ebx + c~β ×Bby]. (13)
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Figure 1: schematic layout of deuteron EDM storage ring with MDMST
quadrupoles and full spin frozen EB deflectors, The top and middle plot of
Fig. 1b shows the beta functions and dispersion function, respectively. The
horizontal and vertical betatron tunes are 2.31 and 0.312.
3.2 Preliminary Simulation Results
To study the benefits of using MDMST quadrupoles, two lattices were employed.
One was the lattice of Y. Semertzidis et al[8]. This is a proposed design for an
EDM search using a pure electric proton storage ring. The other lattice is based
upon the firest lattice but uses deuterons with MDMST quadrupoles and full
spin frozen EB deflectors. Fig. 1 shows the layout of the deuteron ring, as well
as the optics of this lattice.
The first study had no misalignments. That is, the closed orbit is through
the center of all quadrupoles. Fig. 2 shows the average vertical component of the
spin, as a function of orbital turn number, for 8 particles uniformly distributed
with a normalized vertical invariant y y′ β γ of 0.05pimm-mrad. Fig. 2a shows
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Figure 2: Average vertical spin component of 8 particles as a function of turn
number. a) Using a deuteron ring with MDMST quadrupoles. b) Using a
proton ring with pure electric elements. In each case, simulations were done for
particles with a zero EDM moment and for particles with an EDM moment of
η = 10−15.
5
-1.8x10-11
-1.6x10-11
-1.4x10-11
-1.2x10-11
-1x10-11
-8x10-12
-6x10-12
-4x10-12
-2x10-12
 0
 0  1000  2000  3000  4000  5000  6000  7000  8000  9000  10000
Ve
rti
ca
l s
pin
 co
m
po
ne
nt
Turn number
Without EDM
With EDM, η=10-15
(a)
-2.5x10-11
-2x10-11
-1.5x10-11
-1x10-11
-5x10-12
 0
 0  1000  2000  3000  4000  5000  6000  7000  8000  9000  10000
Ve
rti
ca
l s
pin
 co
m
po
ne
nt
Turn number
Without EDM
With EDM, η=10-15
(b)
Figure 3: The vertical spin component as a function of turn number for a particle
on the closed orbit where misalignments give a non-zero horizontal closed orbit
but the vertical closed orbit is zero. a) Using the deuteron EDM ring. b) Using
the proton EDM ring.
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Figure 4: a) Vertical closed orbits for three different quadrupole vertical mis-
alignments in the deuteron ring. b) The corresponding vertical spin component
buildup of a particle on the closed orbit. Here the EDM of the particle was set
to zero.
the simulation for the deuteron ring and Fig. 2b shows the simulation for the
proton ring. All simulations here are done using the Bmad toolkit[9]. For each
ring, the simulation was carried out for particles with and without an EDM
moment. A value of η = 10−15 was used for the particles with a moment. For
a deuteron, η = 10−15 corresponds to an EDM on the order of 10−29 e·cm.
Comparing the results with and without a finite EDM moment shows that the
vertical spin buildup is due to the EDM part of the spin motion.
Fig. 3 shows a second study where the vertical spin component is plotted as
a function of turn number for a particle launched on the closed orbit for both
the deuteron and proton lattices. In this case, the quadrupoles in the lattices
were misaligned to give a nonzero horizontal closed orbit but with a zero vertical
closed orbit. It is evident that, in the absence of vertical motion the nonzero
horizontal orbit has no impact on the vertical spin motion.
A vertical closed orbit distortion, on the other hand, can result in non-zero
vertical spin buildup from the particle’s magnetic dipole moment. This is illus-
trated in Fig. 4 which shows the vertical spin component buildup of a particle
with zero EDM in the deuteron storage ring with the quadrupoles vertically
misaligned. Here, the magnetic dipole moment coupled with the vertical closed
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Figure 5: a) Vertical closed orbits for three different quadrupole vertical mis-
alignments in the proton ring. b) The corresponding vertical spin component
buildup of a particle on the closed orbit. The proton EDM was set to zero.
orbit leads to a buildup of the vertical spin component. The larger the vertical
closed orbit, the faster the vertical spin component buildup gets.
Similarly, the vertical spin component in the proton EDM storage ring with
pure electric elements where the quadrupoles are misaligned also exhibits a
linear buildup due to the magnetic dipole moment part of the spin motion, as
shown in Fig. 5.
This effect can be explained by the fact that the particle is going off-center
of the quadrupole and its velocity is no longer perfectly perpendicular to the
field it encounters. Assuming that the spin is perfectly frozen at each deflector,
the one turn spin transfer map for a storage ring with thin lens quadrupoles is
given by
OTM =
N∏
i=1
Mi = e
− i2ψσ1 (14)
where Mi = e
− i2ψiσ1 is the spin transfer matrix of the ith quadrupole and the
amount of spin precession ψi is given by
ψi = (Gγ +
γ
γ + 1
)
~Ey,i × ~β
c
Li
Bρ
(15)
with Li being the length of the quadrupole and Ey,i is the electric field that the
particle encounters at the ith quadrupole. For the case of a pure electric storage
ring, with a non-zero vertical closed orbit, this then becomes
ψi = (Gγ +
γ
γ + 1
)b1e,iyi
β‖,i
c
Li
Bρ
(16)
where β is the total velocity, βy is the velocity component along the vertical
direction and β2 = β2‖ + β
2
y . The total spin precession ψ =
∑N
i=1 ψi after one
orbital revolution is given by
ψ = (Gγ +
γ
γ + 1
)
N∑
i=1
b1e,iyi
β‖,i
c
Li
Bρ
, (17)
7
10-10
10-9
10-8
10-7
10-6
10-5
10-4
 0  0.2  0.4  0.6  0.8  1  1.2
Ve
rti
ca
l s
pin
 b
uil
du
p 
af
te
r 1
0k
 tu
rn
s
Vertical RMS orbit (mm)
EB
pEDM
Figure 6: Vertical spin buildup rate as a function of the size of the vertical orbit
distortion for the cases in Fig. 4 and Fig. 5 for the deuteron storage ring and
the pure electric proton storage ring.
and is not equal to zero even though
∑N
i=1 b1e,iyiLi = 0 for a stable particle on a
non-zero closed orbit. Hence, the spin vector of the particle gets systematically
lifted out of the horizontal plane and results in a non-zero vertical spin buildup.
For the case of the deuteron EDM ring with MDMST quadrupoles, the
amount of spin precession ψi is given by
ψi = [(1 +Gγ)Bx,i + (Gγ +
γ
γ + 1
)
~Ey,i × ~β
c
]
Li
Bρ
(18)
where Bx,i and Ey,i are the magnetic and electric fields at the i
th MDMST
quadrupole, respectively. And, both satisfy the spin transparent condition given
in Eq. 6. That is
Bx,i = −(1− 1
(γ + 1)(1 +Gγ)
)
βEy,i
c
(19)
Hence, the total amount of spin rotation ψ in one orbital turn is
ψ = (Gγ +
γ
γ + 1
)
N∑
i=1
b1e,iyi
β
c
(
β2y
β2
)
Li
Bρ
. (20)
Since βy  β‖, it is evident that the vertical spin buildup rate in the deuteron
storage ring with MDMST quadrupoles should be significantly smaller than it
is in the pure electric storage ring. Fig. 6 shows the vertical spin buildup rate as
a function of the size of the vertical orbit distortion for the cases in Fig. 4 and
Fig. 5. It is evident that overall the vertical spin buildup due to the MDM part
of the spin motion is significantly smaller for the storage ring with MDMST
quadrupoles, a clear advantage of this unique technique.
In order to discriminate between the vertical spin component buildup due
to the EDM verses the buildup due to the particle’s MDM, we repeated the
simulation for both the deuteron ring and the proton ring where we reversed
the quadrupole misalignment that corresponds to the case of Orbit 2 in Fig. 4
8
-4x10-8
-3x10-8
-2x10-8
-1x10-8
 0
 1x10-8
 2x10-8
 3x10-8
 4x10-8
 0  1000  2000  3000  4000  5000  6000  7000  8000  9000  10000
Ve
rti
ca
l s
pin
 co
m
po
ne
nt
Turn number
Orbit 2
Orbit 2, reversed
(a)
-1.8x10-11
-1.6x10-11
-1.4x10-11
-1.2x10-11
-1x10-11
-8x10-12
-6x10-12
-4x10-12
-2x10-12
 0
 0  1000  2000  3000  4000  5000  6000  7000  8000  9000  10000
Ve
rti
ca
l s
pin
 co
m
po
ne
nt
Turn number
Without closed orbit
Sum, divided by 2
(b)
-2
-1.5
-1
-0.5
 0
 0.5
 1
 1.5
 2
 0  100  200  300  400  500
Ve
rti
ca
l c
lo
se
d 
or
bi
t (m
m)
s (m)
Orbit 2
Orbit 2, reversed
(c)
Figure 7: a) the vertical spin buildup in the deuteron ring with a vertical closed
orbit that is reserved from Orbit 2 in Fig. 4. The vertical spin buildup cor-
responding to Orbit 2 in Fig. 4 is also shown for comparison. b) The average
vertical spin buildup of the two cases is virtually the same as the pure EDM
driven vertical spin buildup in a perfect storage ring. c) The vertical orbit along
the ring.
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Figure 8: a) The vertical spin buildup in the proton ring with a vertical closed
orbit that is reserved from the Orbit 2 in Fig. 5. The vertical spin buildup
corresponding to Orbit 2 in Fig. 5 is also shown for comparison. b) The average
vertical spin buildup of the two cases is virtually the same as the pure EDM
driven vertical spin buildup in a perfect storage ring. c) The vertical orbit along
the ring.
and Fig. 5. Fig. 7a and Fig. 8a confirm that the vertical spin buildup indeed
reverses sign when the closed orbit is also reversed. Fig. 7b and Fig. 8b show
that by averaging the vertical spin buildup, the EDM component of the vertical
spin motion can be distinguished from the MDM component by either reversing
the closed orbit or by reversing the direction of the beam. That is, using both
clockwise CW and counter clockwise CCW beams provided that the orbit in
both cases remains the same.
4 Conclusion
The concept of an MDM spin transparent quadrupole is proposed, and the
feasibility of such an element for EDM storage ring is investigated. Our prelimi-
nary study including numerical simulation shows that a EDM storage ring with
MDMST quadrupoles has the significant advantage of less systematic errors.
Our next step is to carry out a set of studies to investigate the systematic
error of the EDM storage ring with this unique element type. At the same time,
we plan to investigate the design and feasibility of such an unique quadrupole.
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